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Abstract. We show that the generating series of some Hodge integrals involv- 
ing one or two partitions are r-functions of the KP hierarchy or the 2-Toda 
hierarchy respectively. We also formulate a conjecture on the connection be- 
tween relative invariants and integrable hierarchies. The conjecture is verified 
in some examples. 



1. Introduction 

Recently there have been some progresses in the study of Hodge integrals. These 
are integrals of the form 

/_ ^•••VM l ---A*« 

JMg,„ 

where ipi and \j are Chern classes of some bundles naturally defined on the Deligne- 
Mumford space M. g , n . A famous conjecture of Witten ^8] proved by Kontsevich 
[H| states that the generating series of integrals of the form 

M g ,„ 

is a r-function of the KdV hierarchy. This yields recursion relations that completely 
determine all the integrals of this form. As discovered in ^Uj and illustrated in the 
proofs of some formulas for some special Hodge integrals that involve one or two 
partitions [§1 111)1 ITT] , a single partial differential equation called the cut-and-join 
equation is a very effective tool to study such Hodge integrals. 

There have been some interests in the relationship between the cut-and-join 
equation and integrable hierarchies. The purpose of this paper is to establish a 
relationship between the one-partition Hodge integrals in El El 101 DI9 and KP 
hierarchy, and a relationship between the two-partition Hodge integrals in 1201 ITT] 
and the 2-Toda hierarchy. Our results are based on some formulas expressing 
Hodge integrals in terms of some combinatorial objects, such as Chern-Simons link 
invariants or modular matrices in the representation theory of Kac-Moody algebras 
and conformal field theory. In the case of one-partition Hodge integrals, the formula 
was conjectured by Marino and Vafa 13: and proved in joint work with C.-C. Liu 
and K. Liu [01 E|; m the case of two-partition Hodge integrals, the formula was 
conjectured by the author [201 and proved in joint work also with C.-C. Liu and K. 
Liu JJJ. By the combinatorial studies in El and [201 respectively, it is possible 
to express one-partition and two-partition Hodge integrals in terms of Schur and 
skew Schur functions respectively (see also Section EQ1 and Section Following 
the approach developed by the Kyoto school > it is then possible to rewrite the 
Hodge integrals as vacuum expectation values of some operators on the fermionic 
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Fock space, and so they are r-functions of the corresponding integrable hierarchies 
by standard arguments. 

Our work leaves still open the relationship between the cut-and-join equation 
with integrable hierarchies. Earlier result has revealed the relationship between 
the cut-and-join operator and the Virasoro algebra, but not to integrable hierar- 
chies. It might be the case that the cut-and-join equation are related to the Virasoro 
constraint. We leave this for future investigations. Finally it is interesting problem 
to reprove Witten's conjecture/Kontsevich's theorm from the results in this work. 

After the completion of this paper, Vafa informs the author that he has also 
obtained the results in this work and results for the topological vertex. 

The rest of the paper is arranged as follows. In Sectional we recall some well- 
known facts about integrable hierarchies. In SectionElwe show the generating series 
of one-partition Hodge integrals is a r-function of the KP hierarchy. In Section|3]we 
show the generating series of two-partition Hodge integrals gives rise to a sequence 
of r-functions of the 2-Toda hierarchy. In Section[S]we extend our results to relative 
invariants for some examples. A conjecture in the general case is formulated in this 
section. 

2. Preliminaries on Integrable Hierarchies 

In this section we recall some well-known facts about integrable hierarchies. For 
more details, see e.g. [TH 151 ITT]. 

2.1. The charged free fermions. The charged free fermions is a Lie superalgebra 
spanned by odd generators {ip^r : r € ~ + Z} and an even central generator /, with 
the following commutation relations: 

(1) [i/;+,il>T]=8 r ,-J, [^,^}=0. 
Consider the fcrmionic Fock space F spanned by elements of the form: 

(2) ■ ■ ■ il>+ m ip~ ■ ■ ■ tp~ n I rn,n > 0, n < ■ ■ ■ < r m < 0, s x < ■ ■ ■ < s n < 0}. 

This space contains an element 1, which corresponds to the case m = n = 0. We 
denote this vector by |0). For n € Z — {0}, define 



(3) 



" T 2 2 2 

Cxi •••VLsVCi) n< 0. 



Let / act on F as the identity, and rfijr act on F by multiplication by rjyf- when 
r < 0, and by contraction with tpT r when r > 0. Then the commutation relations 
JU hold. Define fields: 

Then one has the following OPE: 

(4) 1> + {z)lTw) — , 

z — w 

(5) v ± (z)V )± H~o. 

One can define a Hermitian metric on F by taking (J2J as orthonormal basis. The 
vacuum expectation value (vev) of an operator A : F — > F is defined by: 

(A) = <0L4|0). 
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Here we have followed the physicists' notation in writing the inner product of a 
vector \v) with a vector \w) as (w\v). 

2.2. Charge decomposition of F. Consider the field: 

ot{z) =: ip + (z)ip~ (z) : . 
Then one has the following OPE: 

(6) atf^w) ~ ±^M, 

z — w 

(7) a(z)a(w) 



Write 



(z — w) 2 



Then (JJJ) is equivalent to: 

(8) [a m ,a n ]+m5 n 
The operator 



a 



re- 



is called the charge operator. It is diagonalizable on F: the vector 

^ ■■■i J r,y7 1 ••> s ~ 

has eigenvalue m — n. One gets a decomposition: 

F = ® n& F^ n \ 

where F^ 71 ' is the eigenspace of uq on which ao has eigenvalue n. An operator 
A : F — ► jP is said to have charge if it preserves this decomposition. 

Another way to describe the fermionic Fock space is by the semi-infinite wedge 
(cf. e.g. 0]). It is very easy in this description to see that every partition /x cor- 
responds to a vector in F^°\ In particular the empty partition (0) corresponds 
to the vacuum vector |0). The vectors {|/x) : fx € V} form a basis of F^ . Here V 
denotes the set of all partitions, including (0). 

2.3. The t- functions of the KP hierarchy as vevs. For t = (£i, £2, . . . ), let 

T ± (t) = exp(^ t„a±„). 

n>l 

Proposition 2.1. Suppose A : F —> F is an operator of charge 0, which satisfies: 
(9) [A® A, Vv + ^-J=0, 

re|+Z 

then 

r(t) = (0\T+(t)A\0) 
is a T-function of the KP hierarchy. 
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Proof. Recall if \v) 6 F^ satisfies 

(10) ® VC r |«) = 0, 

re|+Z 

then 

r(t) = (0\T + (t)\v) 

is a t- function of the KP hierarchy. For a proof see e.g. Now if A satisfies (0, 
then it is straightforward to see that A\0) satisfies (|l(Jfl . □ 

Remark 2.1. If A lies in GL(oo) then is automatically satisfied. 

2.4. The r-functions of the 2-Toda hierarchy as vevs. Similar to Proposition 
IQlone has (cf. [T7j and [H3 Appendix]): 

Proposition 2.2. Suppose A : F F is an operator of charge 0, which satisfies 
10). then 

(11) r n (t+,t-) = (n\T + (t + )AT-(t-)\n) 
is a sequence of r-functions for the 2-Toda hierarchy. 

2.5. Schur functions and skew Schur functions as vacuum expectation 
values. For definitions of Schur functions and skew Schur functions see e.g. |12j . 

For formal variables x = (x\, x^, ■ ■ ■), let 

i • . , I \ ' Pn{xi, X2, ■ ■ ■ i 

Y± {xi,x 2 , ■■■,) = exp ) a± n 



, ) = exp i 1 ^ : 

\n>0 



where 

p n (xi,x 2 ,...) = ^2,Xi 

i 

is the n-th Newton function. Then clearly one has 

(12) Y ± (x)=T ± (t), 
for 

_ 1 

tn Pn(x). 

n 

One has (cf. e.g. Appendix]): 

(13) (l*\Y-{*)W) = {»\Y+(x)\ri = 
In particular, 

(14) (l*\Y-(x)\0) ={0\Y+{x)\v) =s»(x). 
For a partition /i = (/ii > ji% > • • • > fj,h > 0), define 



Kf, = ^Hi^ -2i+ 1). 



For the empty partition (0), we define 
Note we have 



«(0) = 0. 



K/.=£[0*<-i+ J) 2 -(-*+p) a ]- 
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Finally, the operator 



2 

has the following action on base vectors |15| : 

(15) K\v) = 
furthermore, let R be the translation operator, then 

(16) R- n KR n = K + nH + ^a + 1} , 
where 

is the energy operator, whose action on the basis {|^t)} is given by: 

(17) H\») = | M | 

The following commutation relation is also well-known: 

(is) [ij,r±(*)] = o. 

3. One- Partition Hodge Integrals and KP Hierarchy 

3.1. One-partition Hodge Integrals. For a partition /i, consider the following 
generating series of Hodge integrals: 

/ — t'M l M ttw-1 i i ^ 

G„(r;A) = -^^.[r(, + l)]^- 1 .n n ^ 1 } 



Tx 2 9 -2 f ^(^(^(-l-r) 



The following formula was conjectured by Marino and Vafa |13j and proved in joint 
work with C.-C. Liu and K. Liu piTHj: 

(19) G'(r;X;p)=R'(r;p), 

where 

G'(r;X;p) = exp G M (r;X)p ll , 



R'(r;X;p) = X^^e^^Wup, 
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3.2. Reformulation of W M in terms of Schur polynomials. Recall 



where 



By the results in we have 

(21) W„(g) = g-'^a,? -1 ,?- 2 ,...) 

(22) = (-l)l^^/ 2 +l^/ 2 SM (l ;(? ,g 2 ,...). 

3.3. One-partition Hodge integrals and KP hierarchy. Now we can state 
our first main result: 

Theorem 3.1. The generating series G*(r;X;p) is a T-junction for the KP hier- 
archy in variables (x±,X2, ■ ■ ■ ) = (pi, ■••)■ 

Proof. By (|2TJ and we have 

fl'(r;A;p) = £ e^V^s^g- 1 / 2 , g" 3 / 2 , . . . ) 

= ^e^^/V^^C-g 1 ^ ,-g 3 / 2 ,...). 

Now by (|13fl and JTSJ, we have 

^(.+i)/2 Siy(x) = (ol^^,^, . . . ) q <r+V K \ v ), 
Sv {- q V\- q V\ ...) = {v\Y_{- q V\- q V\ . . . )|0), 

Therefore, 

fl'(r;A;p) 

= Y,{o\Y + ( Xl ,x 2 , . . . )g^ +1 )» • (H^-(-g 1/2 , -g 3/2 , ■ • ■ )|0) 

= (0\Y + ( X1 ,X2, ■ ■ ■ )q^ K Y^{~q 1 /\ ~qV\ . . . )|0). 

It follows by Proposition 12 . II that R'(r; X;p) is a r-function of the KP hierarchy in 
variables (pi, \pi, ■■■), and so is G'(r; X;p) by (|T§|) . □ 



4. Two-Partition Hodge Integrals and 2-Toda Hierarchy 



4.1. Two-partition Hodge Integrals. For a pair of partitions ) G 

(one of which might be empty), consider the following generating series of Hodge 
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integrals: 



-1 



KW(v)K(-"-y) 



g>0 M gMfi+)+Hit-) 



n^ +) f (f - n5£ J f - wo) 

The following formula was conjectured by the author 20 and proved in joint work 
with C.-C. Liu and K. Liu 

(23) G'(r;p+,p-)=R'(r;p + ,p-), 
where 

G'{r;p + ,p-) = cxp ^ ^- (r)p+ + p~_ 

R'(r-p\p-) = £ ^ e^^ r+ ^ 2 W^- P ; +Pll 



4.2. Reformulation of W^,,, in terms of skew Schur functions. Recall 
(24) W f ,, u = q ]l,]/2 W„-s v (S ll (q,t)), 
where 

We have proved in |20| : 

(26) S A£»( q , m = (-i)M^ E t w nr^r ^t 1 . 5. <? 2 , ■ ■ • )• 

~ s^(l,g,g J ,...) 

and 

(27) = (-1)H+I V^ M + H £ g-IH V/J (i, ? , . . . ) s „ /p (i, g , . . . ). 

p 

4.3. Two-partition Hodge integrals and 2-Toda hierarchy. 
Theorem 4.1. Let 

r n = q( r +i+V^ ± ^G'(r;\-,p+(q^ n x+),p-(q^+V n x-)). 
Then {r n } is a sequence of t -functions of the 2-Toda hierarchy in two sequences of 

h 



variables (t 1 , tf , . . . ) = (pi(x ± ), ip2(x ± ), . . .). 
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Proof. By (|?7|) we have 

R'(r;p(x+),p(x-)) 

lM±Nk±l *" + *"~ 

= Y. S ^ X+ )^ +r/2 Wv+,v-{<l)<l K »- ,(2r) S v -{x-) 

= E o^k- ( x ~ ) eK - + (r+1)/2+K - ( ^ +1)/2 

• E W V /2 , -<z 3/2 , • ■ • V /2 , V /2 , ■ • • ) 

p 

= E E e^^^ 1 ^ 2 ^^)^/^-? 1 ^, _g3/ 2j . . . ) 
p y+ 

• E ^ ( - +1)/2 s v - (x-)su- /p (-q 1/2 , V /2 , • ■ ■ )■ 
Now by (fTSjl and (T5j| we have 

g "" +(p+1)/a ** + = <o|y + (4, 4, . . . )^ +1 >> + ), 
W-V /2 . -<? 3/2 , ■ ■ ■ ) = (v + \y-(-<i 1/2 , -? 3/2 , ■ ■ ■ )\p), 

q ^-(^)/%.( x -) = ( v -\ q (i+^Y_(xi,x^,...)\0), 
s,- /p (-q 1/2 , -9 3/2 , • • . ) - (p\Y + (-q 1/2 , -9 3/2 , ■ • . 

therefore 



fl'(r;p(a:+),i>(a:-)) 
E (01^(4, xf, . . . )qW' |„+) ■ ( V + \Y-{- q 1/2 , -q 3/2 , ...)\P) 

■(plY+i-q 1 / 2 , -q 3 / 2 , . . • (^-l^+^Y-^r,^, . .010) 

(o|y + (z+ 4, . . 0g (r+1) ^-(-9 1/2 = -<? 3/2 , . . 

•y+C-g 1 / 2 , -, 3/2 , . . . )gCHi)*y_ (a; - . . . )| ). 



Hence by Proposition E21 #*(t;p(:e + ),p(£-)) and so G , (r;p(x+),p(a;~)) by 

is the n of a sequence {t„ : n > 1} of r-functions of the 2-Toda hierarchy in the 
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variables (tf,tf,...) = (pi(a; ± ), ^(a^), • • • )■ By (JTHJ), fTTf). and (JTSJ, we have 
r„ = <n|y + ( 2 ;+) (Z ('-+ 1 ^r_(-< Z 1 /2 7 _ (Z 3/2 ] ^ } 

•Y + (-qV*-?/*,...)qG+VKY-(x-)\n) 
= (0\R- n Y + (x+)q^ K Y_(-q 1 ^, -q 3 '\ . . . ) 

Y + (-q 1 ' 2 , -q 3 ' 2 , . . . )q^+V K Y_(x-)R n \0) 
= {0\Y + {x + )R- n q (r+1)K R n Y_{-q 1/2 , -q 3 ' 2 , . . . ) 

Y+i-q 1 ' 2 , -q 3 ' 2 , . . . )R- n q^ K R n Y-(x-)\0) 

= (0\Y + (x+)q^+ 1 ^ K+nH+ ^ + :ll ^^(-q 1 ^,-q 3 ^,. . .) 
Y+i-q 1 / 2 , -q 3 ' 2 , . . . )q(i+V( K +" H +4«o + ^^) Y _( x -)\0) 

= q( r +^+ 2 )^^(0\Y + (q^+ 1 ^x+)q^ K Y^(-q 1 ^, -q 3 / 2 , ...) 

Y+i-q 1 ' 2 , -q 3 / 2 , . . . ) 9 (H^F_(^+DV)|0) 
= 9(r+ I +2 )^^ G . (r . A . p+(g( I + 1 )„ x+) ^_ (9 (I + 1 ) Ila ,_ ) ^ 

This completes the proof. □ 

Remark 4.1. From the above proof it is easy to see that 

(28) W„ + ,„- - ( V +\q K Y + {-q^ -qi, . . . )Y_(-qi , -<?«, . . . )<?>->. 

5. Relative Invariants and Integrable Hierarchies 

In the above we have established the relationships between some special Hodge 
integrals with some well-known integrable hierarchies. We are partly inspired by 
remarks made by Dijkgraaf in a recent talk on open string theory: The disc gives KP 
hierarchy, the cylinder gives 2-Toda equation. (The author thanks Chiu-Chu Liu for 
communicating Dijkgraaf 's remarks to him.) While open string invariants do not 
in general have rigorous mathematical formulations, the relative string invariants 
can be rigorously defined using the moduli spaces of J. Li 7 . As the discussions 
in 8 indicates, there might be a duality between the open and relative invariants. 
In this section we will deal with some relative invariants which has been computed 
as the byproducts of the proof of lfTT))l and (|2"5|) in |5] and QT] respectively. 

5.1. Relative invariants of the resolved conifold and KP hierarchy. The 

resolved conifold is the space 0{— 1) © 0(—l) — > P 1 . Consider the C*-action 

t-[z° : z 1 ] = [tz° : z 1 } 

on P 1 . It has two fixed points po = [0 : 1] and p\ = [1 : 0], For a partition fi of d > 
let A4 g .o(P 1 ,Ai) be the moduli space of morphisms relative to p\ with ramification 
type /x. It is a separated, proper Deligne-Mumford stack with a perfect obstruction 
theory of virtual dimension 

r s ,„ = 2g - 2 + + /(/*), 

so it has a virtual fundamental class of degree r 9l(tt . 

One can define two bundles Vd and Vo d on A4 9 ,q(P 1 ,/x) as follows. Let 

7t:^^A4 s ,o(P\m) 
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be the universal domain curve, and let 

be the universal target. There is an evaluation map 

and a contraction map 

7T : T -> P 1 . 

Let P 9:(i C Wg iAt be the divisor corresponding to the marked points. Define 

V Dd = R\,F*O r i{-\), 
where F = ff o F : U g ^ -> P 1 . The bundle 

Vg^ =V D ® V Dd 

is a vector bundle of rank r g ^ = 2g — 2 + d + l{p)- (For more details, see PITO].) 
Define 

g>0 

K'{\;p) = e K{x > p) . 

The C*-action induces induces C*-actions on A4 g fi(F 1 , //) and V, and one can 
compute K gifl by localization method 2 j. This has been exploited in [H1E3] to prove 
(If 9JI . By the localization calculations there with r = — 1 (r = — f in the notation 
there), one has 

tf„(A) = G„(-1;A), 

hence by (JT5J 

iT(A;p) - G*(-l;A;p)=fi'(-l;A;p) 

= (o|r + (x 1 ,x 2 ,...)y_(- g 1 / 2 ,-q 3 / 2 ,...)|o). 

Therefore, -K"*(A;p) is a r-function of the KP hierarchy. 

Kg,» = / e(V0, 

g>0 

K (X;P) = ^2 K nWPrnu, 

K'{\-p) =e K(X ' p) . 

The C*-action induces induces C*-actions on Ai gt o(F 1 , n) and V gifl , and one can 
compute Kg tll by localization method %. This has been exploited in to prove 
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(I19JI . By the localization calculations there with r = — 1 (r = — 1 in the notation 
there), one has 

K^X) = G M (-1;A), 

hence by (JT^J 

K'(X-p) = G'(-l;X;p)=R'(-l;X;p) 

= (o\Y + (x 1 ,x 2 ,...)Y-(- q 1 / 2 ,- q V 2 ,.,.)\o). 

Therefore, K'(X;p) is a r- function of the KP hierarchy. 

5.2. Relative invariants of a toric Fano surface and the 2-Toda hierarchy. 

Let X be the toric surface obtained by blowing up (pi , p\ ) on P 1 x P 1 . Denote by 
D + and D~ the strict transform of the divisors P 1 x {p{\ and {pi} x P 1 respectively. 
For (fi + ,fi~) e V\ , let A^ S! o(^; M~) be the moduli spaces of morphisms which 
have ramification type pr- along D . It is a separated, proper Deligne-Mumford 
stack with a perfect obstruction theory of virtual dimension 

r g ^+^- = 9 - 1 + Im + I + Km + ) + |A* I + Km"), 

so it has a virtual fundamental class of degree r g ^+^-. 
Let 

: U g ^+^- -> M g ,o{X, p + ,p~) 
be the universal domain curve, and let 

be the universal target. There is an evaluation map 

and a contraction map 

7T : T g ^+^ -> X. 

Let 2? SjM + iAt - C Mg t a+,u- be the divisor corresponding to the l{p + ) + l(p~) marked 
points. Define 

V a , lt +, li -=R 1 «* (F*O x (-D l -D i )®Ou tili+ilt -(-Vg*+,v-j) 

where F — ff o F : U g ^+ } ^ — > X. Now V^ iM + jA( - — > .M Sl o(^, M~) i s a vector 
bundle of rank 

r fl , /1 +, / i- = 5 - i + Im + I + + Im~I + *0O- 

(For details see Define 

K g,t>.+,v.- = _ e(Vg tfi+jfi -), 

J M g ,o{X;tl+ ,H~) 

K fl+tfl -(X) = J2* 2g - 2 Kg, l *+, f >-> 

g>0 

K(X;p(x + ),p(x~)) = ^2 WPn+( x+ )PtM-( x ~)> 
K'(X;p(x + ),p(x-)) = e K(*p(x + ),p(*-)) . 
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The (C*) 2 -action induces (C*) 2 -actions on M. g ${X, fj,~) and V g u+ and 
one can compute K g „+ „- by localization method [2]. This has been exploited in 
El to prove ll'-'il) . As a byproduct the following identity has been proved in JT] : 



hence 



A-(A;p(a: + ),p(a;-)) 
= 2Zs v +{x + )W v+fV -s ll -(x~) 

v± 

= (0|F + (x+)g*Y_(-g 1/2 , -g 3 / 2 , . . . )Y+(-g 1/2 , -g 3 / 2 , . . . )q K Y_(x-)\0). 
In this case, 

{n\Y + {x + )Y_{- q ^-q 3 ' 2 , _ _ _ ) y +( _ g i/2 j _ q V2 i . . . )y_ (a .-)| n) 
= (0|ir"Y + (z+)g*Y_(-g 1/2 , _ g 3/ 2j _ _ _ ) Y+ (_ g i/a j _ g 3/ 2) _ _ _ )(? *y_ (ar)jR n| 0) 

= g 21 ^ (0|Y^ ? » a; +)Y_(-(, 1/a , -g 3 / 2 , . . . )Y+(-g 1/2 , -g 3 / 2 , . . . )Y_(g"x-)|0) 
= q I! ^K'(\;p( q n x + ),p( q n x-)). 

rc(4n 2 — 1 

Therefore, r„ = g n K*(X;p( q n x + ),p( q n x~)) is a sequence of r-functions of the 
2-Toda hierarchy. 

5.3. A conjecture on relative invariants. Based on the above examples, we 
formulate the following 

Conjecture 1. Let X be a toric Fano surface. Then the generating series of 
suitably defined invariants on moduli spaces relative to a toric invariant divisor D 
is a t -function of the KP hierarchy, and the the generating series of suitably defined 
invariants on moduli spaces relative to two disjoint toric invariant divisors D + and 
D~ gives rise to a sequence of t -functions of the 2-Toda hierarchy. 
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